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Abstract
A new Kloosterman sum identity over F2m is derived and a class of rational function pairs
that satisfy the identity is presented. It is also shown that the Kloosterman sum identity used in
the derivation of 3-designs from the Goethals codes over Z4 is a special case of the presented
result.
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1. Introduction
Exponential sums, especially Kloosterman sums, have played an important role in
coding theory. Carlitz [1] gave some properties of Kloosterman sums de;ned over F2m .
In [3], Lachaud and Wolfmann established the relation between ordinary elliptic curves
and Kloosterman sums, and determined the weights of the orthogonals of some binary
codes. Helleseth and Zinoviev [2] improved the results of Lachaud and Wolfmann and
derived a condition for Kloosterman sum values over F2m .
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The Kloosterman sum K(a) over F2m for a coeIcient a = 0∈F2m is de;ned as
K(a) =
∑
∈F∗2m
(−1)tr(a+1=);
where F∗2m = F2m\{0} and tr(x), the trace of x from F2m to Z2, is de;ned by tr(x) =∑m−1
i=0 x
2i .
In this correspondence, we derive a suIcient condition for two coeIcients of
the Kloosterman sum to have the same Kloosterman sum value. This gives a new
Kloosterman sum identity and a corollary is obtained from this result.
2. Main theorem
The following theorem is the main result and two lemmas are used to prove this
theorem.
Theorem 1. Let f(x) and g(x) be functions de2ned over x∈D ⊂ Fq with coe3cients
from Fq, where q = 2m with odd m. Then K(f(a)) = K(g(a)) for a∈D if f(x) and
g(x) satisfy the following two conditions:
(i) The image of f over D is the same as the image of g over D.
(ii) {f(x)}4 + {g(x)}4 = f(x)g(x) for all x∈D.
Proof. Suppose f(x) and g(x) satisfy the above two conditions. We assume f(a) =
g(a) for nontriviality and de;ne D∗={a∈D|f(a) = g(a)}. To prove K(f(a))=K(g(a))
for a∈D, it is enough to show that
∑
a∈D
{K(f(a))− K(g(a))}2 = 0;
i.e.
S =
∑
a∈D
[{K(f(a))}2 + {K(g(a))}2 − 2K(f(a))K(g(a))] = 0:
By using condition (i), S becomes
S = 2
∑
a∈D
[{K(f(a))}2 − K(f(a))K(g(a))]
= 2
∑
a∈D
∑
x;y∈F∗q
[(−1)tr(1=x+1=y+f(a)(x+y)) − (−1)tr(1=x+1=y+f(a)x+g(a)y)]
= 2
∑
a∈D
∑
x;y∈F∗q
(−1)tr(1=x+1=y+f(a)(x+y))[1− (−1)tr((f(a)+g(a))y)]
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= 2
∑
a∈D∗
∑
x;y∈F∗q
(−1)tr(1=x+1=y+f(a)(x+y))[1− (−1)tr((f(a)+g(a))y)]
= 4
∑
a∈D∗
∑
y∈F∗q
tr((f(a)+g(a))y)=1
∑
x∈F∗q
(−1)tr(1=x+1=y+f(a)(x+y)):
Let (f(a) + g(a))y = z. Then
S = 4
∑
a∈D∗
K(f(a))
∑
z∈F∗q
tr(z)=1
(−1)tr((f(a)+g(a))=z+(f(a)=(f(a)+g(a)))z):
It is therefore enough to prove the following Lemma 2.
Lemma 2. If f(x) and g(x) satisfy condition (ii) in Theorem 1,∑
z∈F∗q
tr(z)=1
(−1)tr((f(a)+g(a))=z+(f(a)=(f(a)+g(a)))z) = 0 for a∈D∗: (1)
Proof. Since tr(x2 + x+1)= 1 for any x∈Fq and x2 + x+1 is a two-to-one mapping
over Fq, (1) holds if∑
x∈Fq
(−1)tr((f(a)+g(a))=(x2+x+1)+(f(a)=(f(a)+g(a)))(x2+x+1)) = 0: (2)
The LHS of (2) can be written as
LHS= (−1)tr(f(a)=(f(a)+g(a)))
∑
x∈Fq
(−1)tr((f(a)+g(a))=(x2+x+1)+(f(a)=(f(a)+g(a)))(x2+x))
= (−1)tr(f(a)=(f(a)+g(a)))
×
∑
x∈Fq
(−1)tr((f(a)+g(a))=(x2+x+1)+[f(a)=(f(a)+g(a))+{f(a)}2={f(a)+g(a)}2]x2)
= (−1)tr(f(a)=(f(a)+g(a)))
×
∑
x∈Fq
(−1)tr((f(a)+g(a))=(x2+x+1)+({f(a)g(a)}2=({f(a)}4+{g(a)}4))x4):
Since, by condition (ii), we have [f(a)g(a)]2 = [f(a) + g(a)]8, we obtain
LHS= (−1)tr(f(a)=(f(a)+g(a)))
∑
x∈Fq
(−1)tr([f(a)+g(a)](x3+x2+x+1)=(x2+x+1))
= (−1)tr(f(a)=(f(a)+g(a))+f(a)+g(a))
∑
x∈Fq
(−1)tr([f(a)+g(a)]x3=(x2+x+1)):
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By using the following Lemma 3, we can show that for a∈D∗∑
x∈Fq
(−1)tr([f(a)+g(a)]x3=(x2+x+1)) =
∑
x∈Fq
(−1)tr(x) = 0
which completes the proof.
Lemma 3. The function h(x) = x3=(x2 + x + 1) is bijective on F2m with odd m.
Proof. Suppose x3=(x2 + x + 1) = y3=(y2 + y + 1). Note that x = 0 if and only if
y = 0 since x2 + x + 1 = 0 for any x∈F2m and x = 1 if and only if y = 1 since
x3 + x2 + x+ 1= (x+ 1)3. Therefore, consider the case x = 0; 1 and we want to show
that x= y is the only solution of this equation. Since x3(y2 + y+1)= y3(x2 + x+1),
we have
0 = x3y2 + x2y3 + x3y + xy3 + x3 + y3
= x2y2(x + y) + xy(x + y)2 + (x + y)3 + xy(x + y)
= (x + y)[x2y2 + xy(x + y) + (x + y)2 + xy]
= (x + y)[(x2 + x + 1)y2 + (x2 + x)y + x2]:
Suppose x=1. Then (x2+x+1)y2+(x2+x)y+x2=y2+1=(y+1)2 and y=1=x is the
only solution. Suppose x = 1. It is well known that y2+by+c=0, b = 0, has a root if
and only if tr(c=b2)=0. Therefore, (x2+x+1)y2+(x2+x)y+x2=0 has a root if and only
if tr((x2+x+1)=(x+1)2)=0. Since tr((x2+x+1)=(x+1)2)=tr(x=(x+1)+1=(x+1))=1,
it follows that (x2 + x + 1)y2 + (x2 + x)y + x2 = 0 for any x∈F2m , and x = y is the
only solution of x3=(x2 + x + 1) = y3=(y2 + y + 1).
3. Corollary
The following corollary presents a class of rational functions that satisfy the condi-
tions given in Theorem 1.
Corollary 4. Functions xi=(1 + xe) and xe−i=(1 + xe) such that 4i = emod (2m − 1),
de2ned over F2m with odd m, satisfy
K
(
xi
1 + xe
)
= K
(
xe−i
1 + xe
)
for x∈F2m\{1} over F2m .
Proof. Let f(x) = xi=(1 + xe) and g(x) = xe−i=(1 + xe): It is clear that f(0) = g(0),
g(x) = f(x−1) for x = 0 and condition (i) is satis;ed over D = F2m\{1}.
If 4i = emod (2m − 1), we get
{f(x)}4 + {g(x)}4 = x
4i + x4(e−i)
(1 + xe)4
=
xe(x4i−e + x3e−4i)
(1 + xe)4
=
xe
(1 + xe)2
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Table 1
(e; i) values satisfying i = 2m−2emod (2m − 1)
e 1 2 3 4 5 : : :
i 2m−2 2m−1 2m−1 + 2m−2 1 1 + 2m−2 : : :
and
f(x)g(x) =
xe
(1 + xe)2
:
Therefore, condition (ii) is satis;ed. The corollary follows from Theorem 1.
Since 4i = emod (2m − 1) implies i = 4−1emod (2m − 1) = 2m−2emod (2m − 1), the
unique i¡ 2m−1 exists for any e¡ 2m−1. Table 1 shows some (e; i) pairs satisfying
i = 2m−2emod (2m − 1) with odd m.
Example 5. Functions f(a) = a=(1 + a4) and g(a) = a3=(1 + a4) satisfy
K(f(a)) = K(g(a)) for a = 1∈F2m
where m is an odd integer ¿ 5. In [4], this identity is used in deriving 3− (2m; 7; 14
(2m − 8)=3) designs from the Goethals codes over Z4.
It is also an interesting problem to ;nd similar Kloosterman sum identities for even
m case or non-binary ;eld case.
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